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HoTT+Axioms

∞-Groupoids

Schemes
“Constructive
Zariski-sheaves”

* Schemes = quasi-compact, quasi-separated schemes of finite type



Reminder: The 3 Axioms
Axiom: We have a local, commutative ring 𝑅.

For a finitely presented 𝑅-algebra 𝐴, define:

Spec(𝐴) ∶≡ Hom𝑅-algebra(𝐴, 𝑅)
Axiom (synthetic quasi-coherence (SQC)):
For any finitely presented 𝑅-algebra 𝐴, the map

𝑎 ↦ (𝜑 ↦ 𝜑(𝑎)) ∶ 𝐴 ∼−→ 𝑅Spec(𝐴)

is an equivalence.
Axiom (Zariski-local choice):
For every surjective 𝜋, there merely exist local sections 𝑠𝑖

𝐸

𝐷(𝑓𝑖) Spec(𝐴)
𝜋

𝑠𝑖

with 𝑓1, … , 𝑓𝑛 ∶ 𝐴 coprime.



For 𝐴 ∶ 𝑋 → Ab, define cohomology as:

𝐻𝑛(𝑋, 𝐴) ∶≡ ∥ ∏
𝑥∶𝑋

𝐾(𝐴𝑥, 𝑛)∥
set

Good because:
▶ ∏-type.
▶ Homotopy group: 𝐻𝑛(𝑋, 𝐴) = 𝜋𝑘(∏𝑥∶𝑋 𝐾(𝐴, 𝑛 + 𝑘)).
▶ ‖_‖set is a modality.

Non-trivial for 𝑋 ∶ Set because:
𝑋 = Pushout of sets 𝑈 ← 𝑌 → 𝑉 ,
Then a “cohomology class” 𝑋 → 𝐾(𝐴, 1) is given by:

▶ Maps 𝑓 ∶ 𝑈 → 𝐾(𝐴, 1), 𝑔 ∶ 𝑉 → 𝐾(𝐴, 1).
▶ And ℎ ∶ (𝑥 ∶ 𝑌 ) → 𝑓(𝑥) = 𝑔(𝑥), which is essentially a map

𝑌 → 𝐴, if 𝑈 and 𝑉 don’t have higher cohomology...
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Mayer-Vietoris Sequence

𝑋 = 𝑈 ∪ 𝑉 (or some other pushout). Then the following is exact:

0 𝐻0(𝑋)

𝐻1(𝑋)

𝐻2(𝑋)

𝐻0(𝑈) × 𝐻0(𝑉 )

𝐻1(𝑈) × 𝐻1(𝑉 )

𝐻2(𝑈) × 𝐻2(𝑉 )

𝐻0(𝑈 ∩ 𝑉 )

𝐻1(𝑈 ∩ 𝑉 )

…



Examples: Cohomology of Pushouts

𝔸× 𝔸1

𝔸1 𝔸1
..

𝔸1
..

∘

𝑅[𝑋] × 𝑅[𝑋] 𝑅[𝑋][𝑋−1] 𝐻1(𝔸1
.., 𝑅) ≠ 0

(𝑃 , 𝑄) ↦ 𝑃 − 𝑄

𝔸× 𝔸1

𝔸1 ℙ1

1
𝑥

∞

0

ℙ1

𝑅[𝑋] × 𝑅[𝑋] 𝑅[𝑋][𝑋−1] 𝐻1(ℙ1, 𝑅) = 0
(𝑃 , 𝑄) ↦ 𝑃 − 𝑄(𝑋−1)
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Vanishing on Affine Schemes

Theorem
Let 𝑋 = Spec 𝐴, 𝑛 > 0 and 𝑀 ∶ 𝑋 → 𝑅-Modwqc, then

𝐻𝑛(𝑋, 𝑀) = 0.

Proof.
Uses: Homotopy theory, algebra, Zariski-local choice and
properties of wqc-modules.
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Applying Cohomology

To (merely) construct functions, one can use exactness of:

0 → ∏
𝑥∶𝑋

𝑀𝑥 → ∏
𝑥∶𝑋

𝑁𝑥 → ∏
𝑥∶𝑋

𝐾𝑥 → 𝐻1(𝑋, 𝑀)

(which holds if 0 → 𝑀𝑥 → 𝑁𝑥 → 𝐾𝑥 → 0 is exact for all 𝑥 ∶ 𝑋)

To show a scheme is affine!
This holds if for all 𝐼 ∶ 𝑋 → 𝑅-Modwqc such that 𝐼𝑥 is an ideal in
𝑅 for all 𝑥 ∶ 𝑋, we have 𝐻1(𝑋, 𝐼) = 0, by a recent theorem of
Ingo Blechschmidt and David Wärn.
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Čech-Cohomology

Generalization of Mayer-Vietoris for spaces 𝑋 = ⋃𝑛
𝑖=1 𝑈𝑖, where 𝑈𝑖

and all their 𝑘-ary intersections have trivial higher cohomology.

By Vanishing, separated schemes with their open affine cover, are
an example.
Two proofs:

▶ By universal property, that both Čech and Eilenberg-MacLane
cohomology have.

▶ Roughly, by pointwise turning the colimit 𝑈1(𝑥) ∨ ⋯ ∨ 𝑈𝑛(𝑥)
into a limit.
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Thank you!


